A proof for Ando’s theorem on norm-coherent

coordinates via the Coleman norm operator

Hongxiang Zhao

Abstract

Ando established an algebraic criterion for when a complex orientation for a Morava
E-theory is an H,, map. The criterion relates such an orientation to a specific property
of the formal group associated to the E-theory, namely, a norm coherence condition on
its coordinate. On the other hand, Coleman constructed a norm operator for interpolating
division values in local fields, which depends on a Lubin—Tate formal group law. These
formal group laws are important tools in explicit local class field theory.

In this article, we give a conceptual proof for Ando’s theorem using the Coleman norm

operator via the bridge of formal group laws between topology and arithmetic.
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1 Introduction

The purpose of this article is to supply a number-theoretic, conceptual proof for an old, topologi-
cal theorem of Matthew Ando’s from his study of structured ring spectra and their multiplicative

operations. We follow a suggestion by Charles Rezk and Yifei Zhu (cf. [Zhu20, Remark 1.3]).

» We identify Ando’s algebraic criterion for H,, complex orientations of Morava E-theories
as a coherence condition for certain division values in local fields with respect to a Cole-

man norm operator.
» We then coherently construct these division values by an infinite iteration of the operator.

In a concrete way, the ingredients going into the proof hint towards a higher-algebraic theory
for class fields (cf., e.g., [BSY22)).

Throughout, £ denotes a perfect field of characteristic p > 0, R denotes a complete local
ring with maximal ideal m and whose residue field R/m contains k. Given a formal group law
F e R[X,Y],wewillwrite X 4+ Y := F(X,Y).

Morava E-theories F,, are complex oriented cohomology theories in stable homotopy the-
ory, whose coefficient ring (F,, ). in degree 0 classifies deformations of a 1-dimensional formal
group law G of height n over k£ to R. Each E-theory is represented by an E..-spectrum [GHO04,
Corollary 7.6] and carries power operations associated to this multiplicative structure. Let MU
be the complex cobordism theory. It is well-known that MU also admits power operations
([tD68] and [May77, §IV.2]). A complex orientation on £, is a map MU — E,, of homotopy
commutative ring spectra. Upon taking the connective cover MU(0), this is equivalent to a
coordinate (i.e., local uniformizer) of the universal deformation formal group associated with
E,,, which in turn determines a formal group law [Zhu20, Section 2]. In the case that G is a
Honda formal group law over [F,,, Ando gave a criterion for when power operations on MU and
E), are compatible along the map MU — FE,,, i.e., when this map is H,, [And95, Theorem 5].
The criterion is formulated in terms of the formal group law F' of the universal deformation

associated to the coordinate.

Theorem 1.1 ( [And95, Theorem 4]). Suppose k = IF,, and G is the Honda formal group law
of height n over k, so that [plg(T) = TP", where [p|q is the p-series of G. Then in each -
isomorphism class of lifts of G to wo(Ey,) = W (k)[uy,- -+ ,un—1], there is a unique lift F' such



that

plr(1) = T[T 45 N

A

where the product runs over all roots X of [p| .

Such a coordinate is said to be norm-coherent, in that the right-hand side has the form of
a norm map. The condition says that the canonical lift of Frobenius, which is just the map of
multiplication by p corresponding to the p-series in this case, coincides with the norm map. For
a detailed discussion about the condition, see Section 4 and [Zhu20, Section 6].

On the number-theoretic side, an important tool invented in Lubin and Tate’s explicit con-
struction of the local Artin map in local class field theory is the family of Lubin—Tate formal
group laws. Suppose a prime number p is a uniformizer of a local field K, i.e., K is an unrami-
fied extension of Q,. Then a Lubin—Tate formal group law reduces to a Honda formal group law
over the residue field. In 1979, Coleman proved an interpolation theorem on division values
in local fields, with applications to p-adic L-functions and modular units [Col79, Theorem A].
For that, he constructed a norm operator .47 depending on a Lubin—Tate formal group law F'

such that

Ae(@) o ple(T) = [ 9(T+rN)
s V=03

Rezk conjectured that the Coleman norm and Ando’s algebraic criteria were closely related.
Here, we prove Theorem 1.1 via the norm operators 4.

In more detail, the original definition of a norm operator restricts to the special case when
R is a complete discrete valuation ring with uniformizer p. We shall first give a description for
Coleman’s norm operators and prove Ando’s theorem in this special case. Our proof will only
depend on several properties of the norm operators and do not require GG to be a Honda formal
group law. In view of this, we will generalize the definition of a norm operator to complete
local domains in which p # 0, and show that the generalized norm operator satisfies the desired
properties. In particular, mo(E,) is a complete local domain with p # 0. The main result of this

article is the following.

Theorem 1.2. Suppose G is a formal group law of finite height over k and R is a complete
local domain with p # 0 whose residue field contains k. Then in each x-isomorphism class of

lifts of G to R, there is a unique lift whose corresponding coordinate is norm-coherent.

A more precise and explicit formulation of Theorem 1.2 will be given as Theorem 4.8.
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Remark 1.3. Zhu generalized the above theorem to apply to arbitrary complete local rings R
following the original proof by Ando [Zhu20, Theorem 1.2]. It would be interesting to have an

alternative approach from number-theoretic constructions in this generality.

2 Coleman norm operators from explicit local class field the-
ory after Lubin and Tate

In this section, suppose that k = I, with ¢ = p". Suppose K is a local field with integer ring

Ox, maximal ideal m, and residue field £. Pick a uniformizer 7 of O and let
Fn = {a(T) € Ox[T]: a(T) =7T mod T? «a(T)=T? mod r} (1)

In explicit local class field theory, we have the following.

Proposition 2.1. For any a € %, there is a unique formal group law F, over O such that

a € End(F,).
Proof. See [Mil20, 1, 2.12]. U

Proposition 2.2. (@) Forany o, € %, and a € Ok, there is a unique element [a|3 o (T) in
TOk[T] such that [a) o(T) = T mod T? and [a],, € Hom(F,, Fp).

(b) Moreover, the map a — [a]o.o(T') gives an isomorphism Ok — End(F,). In particular,
A(T) = [maa(T)-

Proof. See [Mil20, 1, 2.14 and 2.17]. O

The formal group laws £, characterized by Proposition 2.1 are the Lubin—Tate formal
group laws. Let o € %, and o = av for some unit v € Ok|[T] and some polynomial

& € O[T by the Weierstrass preparation theorem. We then define a finite set
A, := {roots of & in a fixed algebraic closure of K} (2)

Suppose Ok (7)) is the ring of formal Laurent series with coefficients in Ox. We assign the
“compact—open” topology to Ok (1), i.e., a sequence {g,} converges to g if and only if for

any compact subset A not containing 0 in m, and for each € > 0, there exists a positive integer



N = N(A,¢) such that |g,(a) — g(a)] < eforalla € Aandn > N. Given a Lubin-Tate

formal group law F},, the Coleman norm operator is characterized by the following.

Theorem 2.3 ( [Col79, Theorem 11 and Corollary 12]). As notations above, there exists a
unique function N, : O (1)) — Ok ((T)) satisfying

Nio(9) o Plr(T) = T 9(T +r. A

Jor every g € Ok (T)). Moreover, N, is continuous and multiplicative.
The norm operator has the following properties.
Lemma 2.4. Leti > 1, g € 1 + m'[T] and h be a unit in O (T)). Then
(@) Nr,(g9) € 1+mTT] and

(b) N (h)] AN (h) € 1+ wi[T], where A;i denotes i iterations of applying the norm

operator N,

Proof. See [Col79, Lemma 13]. Here, part (b) looks different from [Col79, Lemma 13(b)],
N (R) /oM (h) € 14 7' Ok[T], where ¢ € Gal(H/K) is the Frobenius map for a com-
plete unramified extension H/K and 7 is the corresponding uniformizer. For our applications,

we need only consider K itself with ¢ the identity. ]

As a consequence of Lemma 2.4(b), the sequence {47 (h)} converges in Ok (7). Let
N2 (h) = lim A% (h). In particular, by Lemma 2.4(a), we have that
1— 0

A (L+m[T]) =1 (3)
Since .4, is continuous,

N (A () = Az, (T A5 (h)) = lim e, (A7 () = A522(h)

1—00

Moreover, the operator.4;7° is multiplicative since .47, is.

3 Proof of Ando’s theorem in a special case

We will first prove Theorem 1.1 (and 1.2) in a special case using Coleman norm operators.
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In this section, suppose that K is an unramified extension of @@, of degree n and G is the
Honda formal group law over £ = [F,» of height n. Here, p is a uniformizer of K.

In (1), choose the uniformizer 7 = p. Given any o € %, let F,, be the associated Lubin—
Tate formal group law so that [p]r, (T') = [7]a.a(T) = a(T) by Proposition 2.2(b). Thus, F, is
a lift of G to Ok. Conversely, every lift of G to Ok has p-series in .%,, so by the uniqueness

in Proposition 2.1 it is a Lubin—Tate formal group law.

Definition 3.1 (x-isomorphisms). Two formal group laws F, F” over O are said to be -
isomorphic if there is an isomorphism u: F — F’ such that u restricts to the identity series

to k. A more general definition of x-isomorphism will be given in Section 4.

Theorem 3.2. With notations as above and in (2), in each x-isomorphism class of lifts of G to
Ok, there is a unique formal group law F' = F,, necessarily a Lubin—Tate formal group law

for some o € F,, satisfying

Ple (D) = J] (T+r 2 @)
/\GAa,1
To prove this special case of Ando’s theorem, we proceed as follows. In terms of the norm

operator, we see that a Lubin—Tate formal group law satisfies (4) if and only if

Ple (T) =[] (T+r A) = (A (T) 0 [plr)(T) )
)\GAQJ
Since p is invertible in K, [p]z, has a composition inverse in K[77]. We can thus cancel the

term from both sides above, so that condition (4) is equivalent to
N (T) =T (6)

Begin with any lift F, of G to Ok. Letu € T 4+ nTOk[T] = T + Tm[T]. Then there is an

element v, € %, such thatuo F, ou™! = F, . Indeed, since a« = [p|r, and o, = [p|F, ,

we have a, = uoaou~!. Clearly F, and F,,, are x-isomorphic. In order to show that there
is a unique u € T + Tm[T] such that F,, satisfies (4), we are reduced to show that there is a
unique u € T + Tm[T] such that

N, (T) =T (7



Note that v induces a bijection from A, ; to A,, 1. By definition,

(A, () 0[], )(T) = T (T +r, V)

A€Aqy 1

We rewrite this identity as follows:

(A, (T) oo [plr, ou™ ) (T) = [] (T +r., u(h)

By canceling [p]r, o u™* from both sides, we obtain (A%, (T) o u)(T) = A%, (u)(T). There-
fore, (7) is equivalent to

N, (1) = u
Consequently, it remains to show the following.
Proposition 3.3. Given any o € F,, there is a unique u € T + Twm[T], such that N, (u) = u.

Proof. Existence: By Lemma 2.4(b), let h; := A} (T')/ A7 (T) € 1+m'[T]. Then we have
N (T) = Thyhy - --. Itis easy to see that hihy - - € 1 +m[T], so A°(T) € T + Tm[T7].
Therefore, u = A2°(T') satisfies the condition.

Uniqueness: If A%, (u) = u, then 47! (u) = u for each 4. Thus, 4;3°(u) = u after taking
the limit. Since u € T+ Tm[T7], there is & € 1 + m[T] such that u = T'G. Then, in view of
3,

u = () = HET)NE () = HT)

O

Remark 3.4. We can interpret the equality Mg, (u) = w as a condition of norm coherence in
the context of [Col79]. To be precise, suppose A, ,, is the set of roots of [p"|r, in the fixed

algebraic closure of K. Let K ,, == K(Ay,) and Nyyq,, = NK, i1/ EKr., be the norm map.
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It can be shown that A, ,, = Ok /m" [Mil20, I, 3.4]. Suppose v,, is a generator of A, as an

Ox-module for each n such that [p|g, (Vn11) = v,. We then have

N, (u)(vn) = Nogim <U<Un+1))

by [Col79, Corollary 12(ii)]. Thus, Ng, (u) = u is equivalent to saying that

w(n) = Nopyrn (u(Vns1))

i.e., u transforms the sequence {v,} to a sequence compatible with the norm maps.

Remark 3.5. Let M, = {9 € Ox(T))*: N5, (g) = g} be the subset in Ok (T'))* consisting
of norm-coherent series in the sense above. Then the uniqueness of u follows from an exact

sequence of groups.
A
1= 14m[T] - Ox(T)" — Moo — 1

as in [Col79, Proposition 14].

4 Norm coherence condition

In a more general case of Theorem 3.2, the left-hand side of (4) should not simply be [p]z, (T).
Indeed, it should be a canonical lift of the relative Frobenius map. To define this lift, we have
to first recall some notions in formal groups and deformations of formal group laws.

Suppose F is a formal group over R and G is a formal group over £ of finite height n. Let
F and G be the respective formal group laws associated to chosen coordinates of these formal

groups. Let X be a chosen coordinate on F.

Definition 4.1 (Quotients of formal groups). Suppose D is a subgroup of F of degree p” defined
over a complete local ring S containing R. Then we define the quotient group F /D over S as
follows. Let m: F x D — F be the multiplication map and pry : F x D — F be the projection

onto the first factor. The coordinate ring of F /D is defined by the equalizer

f* m*
O}'/D SELLZEN Or :*; Orup
pry



It can be shown that /D is a formal group over S. In addition, viewing O as an Oz /p-
module through f7, we obtain Xp = Normy: (X) as a coordinate of 7 /D [Str97, Theorem
19].

If D(S) contains exactly p” elements, then

(Xp) = ] (X+rX(P)) (®)

PeD(S)

by direct calculation. Thus, reducing (8) to the residue field of R we have
f5(Xp) =X modm 9)

Notation. For simplicity, from now on, we will not distinguish an isogeny between formal
groups and the power series to which it corresponds as a map between coordinate rings. For

instance, we will simply write

as an isogeny between formal group laws.

The following definition generalizes Definition 3.1.

Definition 4.2 (Deformations of formal group laws and x-isomorphisms). Let7: R — R/mbe
the natural projection. A deformation of G to R is a triple (F),7,7), where F' is a formal group
law over R, i: k — R/mis an inclusion and n: 7*(F) — ¢*(G) is an isomorphism. Here 7
and 7 act on each coefficient.

Suppose (F,i,n) and (F”,i',n') are two deformations of G to R such that ¢ = ¢’. Then we
say (F,i,n) and (F’,i',n) are x-isomorphic if there is an isomorphism ¢): F' — F” of formal
group laws such that ' o 7*(¢)) = n.

Furthermore, if n = 1’ and 7*(¢)) = id, we call ¢b: F' — F’ a x-isomorphism as well.

Definition 4.3 (Deformations of Frobenius). Suppose ® is the relative Frobenius map on G
over k and o is the absolute Frobenius map over k. Suppose (F,i,n) and (F’,7',n’) are two
deformations of G to R. Anisogeny v: F' — F’ of degree p” is a deformation of Frobenius if

i"=ioco",and n o *(¢b) = i*(P") o1, i.e., the following diagram commutes.



i (")
v () *(G")
F o w(F) —— i"(0)

Two deformations of Frobenius (Fy,i1,1m1) — (Fy,iy, 7)) and (Fa,ia,m2) — (F3,i5,mb)
are isomorphic if (Fy, iy, m), (Fy,i9,12) are x-isomorphic and (F7, 4}, 1), (Fy,i5,15) are *-

isomorphic.
The following theorem classifies deformations of Frobenius.

Theorem 4.4 (cf. [Str97, Theorem 42]). There is a universal deformation (Fy,1d,id) of G
to the Lubin—Tate ring W (k)[uy, - -+ ,u,_1], in the following sense. For eachr > 0, there is a

complete local ring A" such that
{deformations (F,i,n) — (F',i',n') of ®" to T} /isomorphisms = Hom(A",T)

Moreover, A = W (k)[uy, -+ ,un_1] and A" is a bimodule over A° with structure maps
s" t": A° — A", which are local homomorphisms.

The isomorphism is given as follows: for any deformation (F,i,n) — (F',i',n) of ®" to
T, there is a unique local homomorphism p": A" — T such that p" o s" and p" o t" restrict to

i and i’ on the residue fields respectively and that there are unique x-isomorphisms (F,i,1) —

(p"* 8" Funiv, 1, 1d) and (F',i',n") — (p"*t"* Funiv, 7', id).

Remark 4.5. According to [Zhu20, Remark 6.2], given any deformation (F,i,n) of G to R,
there exists a unique deformation (F ,1,1d) given by [LT66, Theorem 3.1] such that the two

deformations are x-isomorphic. Thus, we will assume 1) = id in the following.

Suppose from now on that (F', i, id) is a deformation of G to R, where R is a complete local
domain with p # 0.

Since [p|r = [pl¢ mod m and G has height n < oo, not all coefficients of [p|r are in m.
By the Weierstrass preparation theorem, there is a unit v in R[7] and a monic polynomial /3 of

degree p", such that [p|r = v - 8. Note that roots of [p]r are the same as the roots of 5. Let

A1 = {roots of [p] in a larger ring S obtained from R by adjoining roots of 3}  (10)
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Since p # 0 in R, 0 is a simple root of [p|p. Forany A € Ayj,.1, plr(T —r A) = [plr(T).
Therefore, A is also a simple root of [p|». We conclude that the set Ay, ; has exactly p" ele-
ments.

Let D := F|[p] be the subgroup of F of p-torsions defined over S. Then the quotient isogeny
fp: F — F/F|p| is given by

LT = 1] @+ry)
AEA ) 1

Note that f,(7T') is invariant under the action of Aut(S/R), so f,(T") € R[T]. As aconsequence,
F | F[p] can be defined over R. Thus, f, is a deformation of Frobenius between (F,,id) and
(F/Flp|,ioo™,id) in view of (9). By Theorem 4.4, there exists a unique local homomorphism
p": A" — R with a unique x-isomorphism g,,: F/F[p] — p"*t"* Fipiy.

Definition 4.6. Define

bp = gpo fp: F' = p"" 1" Funiy
Remark 4.7. According to [Zhu20, Remark 6.7], the isogeny [, is an isogeny of formal group

laws over R characterized by the following properties.

(a) Itis an isogeny from F to p"*t"* Fyuiy-
(b) The kernel of 1,, is the same as that of [p| .

(c) The reduction of 1, to the residue field is the p™-power relative Frobenius T?", i.e., 1,(T) =

TP mod m.

To proceed to the general case, we formulate the norm coherence condition of Theorem 1.2

precisely as follows.

Theorem 4.8. Suppose R is a complete local domain with p # 0 and residue field containing
k. In each x-isomorphism class of deformations of G to R, there is a unique element (Fi,id)

such that

L) =fT) = J[ (T+r)) (11)

)\EA[P]FJ
ie, g,(T)=T.

Remark 4.9. According to the proof for [Zhu2(, Proposition 7.1], the coordinate given by
Theorem 4.8 is norm-coherent with respect to any finite subgroup D C F in the sense of [Zhu20),
Definition 6.21].
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Remark 4.10. Back to the topological side, an orientation on the Morava E-theory E,, cor-
responds to a coordinate on the formal group Spf (7r0 (ESPT)) [AHSO01, Example 2.53], so it
induces a deformation (F,i,n) of G to 7, (ESP?*O). A change of orientation on E, will induce a
*-isomorphism between the induced deformations [Zhu20, Example 4.9]. One should be aware
that the x-isomorphism here may change the n-component. Recall that we set n = id in Remark
4.5. Thus, Theorem 4.8 implies that there is a unique H-orientation MU(0) — E,, such that
the induced deformation has n = id and satisfies (11).

In general, we say a deformation (F,i,m) (also the orientation inducing this deformation)
is norm-coherent if the component Fin (F ,1,1d) is norm-coherent in the sense of (11), where
the latter deformation is given by Remark 4.5 (cf. [Zhu20, Definition 6.21]). Therefore, there is
only a family of norm-coherent orientations on E,,, which are x-isomorphic to the deformation

(F,i,id) given by Theorem 4.8.

5 Generalization of the norm operators

In this section, we aim to prove Theorem 4.8 (and hence Theorem 1.2) following the proof of
the special case in Section 3. Observe that our earlier proof actually only requires Ok to be
a complete local domain such that [p|r, is right-cancellative and the definition and properties
of the Coleman norm operator over O in Section 2. Therefore, we need only show that [, is
right-cancellative and generalize Theorem 2.3 and Lemma 2.4 to the case of a complete local
domain R such that p # 0 and residue field contains k substituting [p]r by [,. The proof then

applies mutatis mutandis.

Remark 5.1. In the general case, we do not require G to be a Honda formal group law and F' to
be a Lubin—Tate formal group law as in Section 3, since the property that [p|p = TP" mod m

has been replaced by Remark 4.7(c).

Lemma 5.2. The power series |, is right-cancellative, i.e., if there are g, h € R[T] such that

gol,=hol, wehave g = h.

Proof. We may assume h = 0, so that g(lp(T)) = 0. Since R is complete with respect to m,
we need only prove by induction on ¢ that ¢ = 0 mod m' for each i > 0. The statement is
vacuous for i = 0. Suppose we have proven that g = 0 mod m'. Since [,(T) = 77" mod m

by Remark 4.7(c), g(T?") =0 mod m*™, and hence ¢ =0 mod m**!. 0
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The following proofs essentially follow those in [Col79].

Lemma 5.3 (cf. [Col79, Lemma 3]). If g € R[T] and g(T +p \) = g(T') for all X € Ap,.1,

then there is a unique h € R[T'] such that hol, = g.

Proof. The uniqueness follows from Lemma 5.2.
For the existence, we inductively construct formal power series g, for each m > 0. Let

go = ¢. Suppose that we have constructed a; € R for 0 < ¢ < m — 1 such that

m—1
9= al,=10" gy
=0

for some g,, € R[T]. Note that by assumption g(7" +r \) = ¢g(7") and by Remark 4.7(b)
L(T+r\) = 1,(T). We thus have g,,(T+ ¢ ) = g, (T). In particular, (g, — g (0))(X) = 0 for
all A\ € Apy,..1. By the Euclidean algorithm for power series, there exists elements g,,+1 € R[T]
with 7, € R[T] such that g,,, — ¢,,,(0) = l,, - gm+1 + 7, and deg(r,,) < p™. Then r,,, vanishes
on Apy,.1. Since we have deduced in the paragraph after (10) that Ay, ; has p” elements, we

have r,, = 0. Let a,;, = ¢,,(0). This finishes the inductive step. Thus, we obtain

9- ial-l; € ﬁl;’DR[[T]] =0
1=0 =0

Then h(T) := >, a;T" is the desired element. O

Now we also endow R[T'] with the compact—open topology similar to that on O [T] as in

Section 2. Here R has the m-adic topology.

Theorem 5.4 (cf. Theorem 2.3). There is a unique operator Ni: R[T] — R[T] such that for
any g € R[T7,
Nio(@)olh(T) =[] 9(T+rN

)‘GA[P]FJ

Moreover, N is multiplicative and continuous.

Proof. Note that the right-hand side of the above identity satisfies the condition of A, -

invariance from Lemma 5.3. Thus, there is a unique .47 satisfying the formula.
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Given any g, h € R[T],

Ae(gh) o l(T) =[] (T +r N

AGA[p]FJ
= (Ni(g) 0 1,(T)) - (Hi(h) 0 1,(T))
= (Hlg) - Ao () 0 1,(T)

By Lemma 5.2, we then obtain A% (gh) = A5 (g) - A (h).
Suppose {g,} converges to g. Then

(lim A% (gn)) © Lp(T) = lim (A% (gs) © 1) (T') = lim H (T +r N)

AEA[I?]F,I
= I 9T +rX)=A0(g) o 1,(T)
A€A I g1
Again, it follows from Lemma 5.2 that lim A%(g,) = A% (g)- O

Note that in the proofin Section 3 we only took limits of .47, applied to elements in 1+m[77]

and to 7'. Thus, it remains to show the following for .4%.

Lemma 5.5 (cf. Lemma 2.4). Let g € 1 + m'[T] and i > 1. Then
(@) Ni(g9) €1+ m[T] and
() VD) /N NT) € 14+ mi[T],

Proof.  (a) By definition, A% (g) o [,(T) = HAGA@JF 9(T +r A). Suppose g(T') = 1+
> 2o b T, where b; € m'. Since i > 1, terms divided by b, b;, for some j, j, must lie

in m**!. Therefore, modulo m**?,

Ne(g) o lp(T) =1+ ) ibj(TJrF A

AEA g1 J=0

:1+§§ > bi(T+pAY

7=0 AEA[P]FJ

=14+ b (" + ) (M) T)
=0 k=0

where each pk(A[p] ~1) is a symmetric function on A € Ap)p,1- Recall from Section

4 that (3 is a polynomial of degree p™ dividing [p|r from the Weierstrass preparation
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(b)

theorem, and Ay, ; is the set of roots of 3. Thus, 5(7") = TP" mod m. It follows that
Pe(Ap)p1) =0 mod m, since py (A, 1) is a polynomial in the non-leading coefficients

of 3 (i.e., those elementary symmetric functions). Therefore,
Ni(g) ol,(T) =1 mod m"**

Next we prove by induction on j that if h € R[T] and h o [, € m/[T], then h € m’[T]
(here j > 0). Setting h = A%(g) — 1 completes the proof of part (a). The case is
vacuous when 5 = 0. Suppose j > 1 and the statement holds for j — 1. By the induction

hypothesis, h € m/~[T]. Since [,(T) = TP" mod m, we have
hol,(T)=h(T"") mod m/

Since h o [, € m/[T], we must have h € m’[T].

By part (a) and the multiplicativity of . 4% from Theorem 5.4, we need only show the case

when i = 1. Since [,(T) = T"" mod m,

No(TNTP") = Np(T) o L,(T) =[] (T+rA) modm

/\GA[P]FJ

By an argument with symmetric functions similar to that for part (a), we obtain that

[hen,, (T +rA) = TP" mod m. Hence, #7(T) =T mod m, so A5(T)/T =1
plp,l

mod T~ 'm[T]. It remains to show that T" divides A% (T') in R[T], or A%(T)(0) = 0.

Since 0 € Ay, 1,

Ne(T)(0) = Me(T) o (0) = [ A=0

ACA R g1

]

Remark 5.6. Comparing (5) from the proof in Section 3, we see that f, as defined in Section

4 now factors as Ny (T') o l,. Recall that 1, = g, o f, by definition. By Lemma 5.2, 1, is right-

cancellative with respect to composition, and hence so does f,. Therefore, N#(T') turns out

to be the inverse to g,, i.e., it is a (necessarily unique) x-isomorphism p"*t"* Fyiw — F/F|[p].

This agrees with the construction of the coordinate associated with F/ F'[p| in Definition 4.1.
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In view of this, the proof in Section 3 is actually similar to the one for [And95, Theorem
2.6.4]. In [And95, Theorem 2.6.4], Ando constructed a series of x-isomorphisms to modify the
coordinates such that g,(T") can approximate T' inductively modulo m". On the other hand, our
proof constructed a x-isomorphism u = N2°(T) directly so that g, '(T)) = Np(T)(T) = T
after a change of coordinate by u. Indeed, properties of this limit of operators (i.e., Lemma 2.4
and Lemma 5.5) are deduced inductively on r modulo m" similar to the one in Ando’s construc-

tion. However, our proof cannot proceed by constructing a series of x-isomorphisms, since

N22(T) is not the infinite composite of Np(T).

Remark 5.7. Walker has also observed the relationship between the Coleman norm operator
and Ando's criterion [Wal08, Chapter 5]. In particular, he has deduced that Ando's criterion
is equivalent to (6) in [Wal0S8, Lemma 5.0.5 and (5.0.10)]. However, he did not prove Theorem

1.1 via the Coleman norm operator.

Remark 5.8. As mentioned in Remark 1.3, Zhu generalized Theorem 4.8 to apply to arbitrary
complete local rings. To apply our proof to arbitrary complete local rings, we need to generalize
the Coleman norm operator to such cases. However, recall in the argument around (10), we
need R to be a domain so that we can count the number of roots of 3, and we need p #+ 0 in
R so that (3 is separable. Thus, there is a question whether the Coleman norm operator can be

defined over arbitrary complete local rings.
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